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1.10 IntroductionElementary calculus courses always avoid any foundational problems by sim-ply not proving the
statements that would need them, a large number of basic properties concerning numbers are assumed. Here we
cannot do this. We must start with the real number system.Historically much of calculus was undertaken without
any clear under-standing of the real numbers. To be sure the mathematicians of the time had a firm intuitive grasp
of the nature of the real numbers and often found precisely the right tool to use in their proofs, but in many cases
the tools could not be justified by any line of reasoning.By the 1870s mathematicians such as Georg Cantor
(1845-1918) and Richard Dedekind (1831-1916) had found ways to describe the real numbers that seemed
rigorous. We could follow their example and find a presentation of the real numbers that starts at the very
beginning and leads up slowly to the exact tools that we need to study analysis. The approach we shall take is simply
to list all the tools that are needed in such a study and take them for granted. You may consider that the real
number system is exactly as you have always imagined it. You can sketch pictures of the real line and measure
distances and consider the order just as before. Nothing is changed from high school algebra or calculus. But when
we come to prove assertions about real numbers or real functions or real sets, we must use exactly the tools here and
not rely on our intuition.
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